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Abstract: We recently proposed the Halohedron to be the 1-loop Amplituhedron for planar
φ3 theory. Here we prove this claim by showing how it is possible to extract the integrand
for the partial amplitude m1n(1, . . . , n|1, . . . , n) from the canonical form of an Halohedron
which lives in an abstract space. This space is just a step away from ordinary kinematical
space at 1-loop, because it is composed by abstract variables associated to propagators of 1-
loop Feynman diagrams. Such variables, however, are unbound from momentum conservation
relations that would give problems such as double poles. As an application of our construction,
we exploit a well known recursion formula for the canonical form of a polytope in order to
produce an expression for the 1-loop integrand which would not be evident starting from
Feynman diagrams.
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1 Introduction
In a recent work we proposed the Halohedron to be the 1-loop Amplituhedron for the planar
φ3 theory [1]. The Halohedron emerged naturally by using hyperbolic geometry in the study
of positive geometries living in the moduli space of genus one Riemann surfaces, M1,n. Such
considerations were most natural in (1+2) dimensions1, where the hyperboloid model provides
a simple way to solve the scattering equations[8–10], which, at least at tree level, are known
to provide maps from positive geometries defined in kinematical space to positive geometries
in the moduli space [2, 11].
However, choosing a specific dimension clashes with the general wisdom of the scattering
equations, which is instead of working in arbitrary dimension. Indeed, in our case it proved to
be a substantial obstacle in extracting the amplitude from the canonical form of these positive
geometries, even at tree level. This is mainly due to the fact that, if a specific dimension
is picked, then the Mandelstam variables have to satisfy non-linear Gram identities that
do not interact well with the constraints used to cut the Associahedron. An interesting
approach to this problem may be to think of (1+2)-dimensional kinematical space, or any
other d-dimensional kinematical space, as a particular subspace of the arbitrary dimension
Mandelstam space, obtained from the latter by imposing the Gram identities. This idea is
inspired by [13], where it was shown how to extract amplitudes from general subspaces of the
Mandelstam space, and surely deserves further study.
As one might expect, at 1-loop there are new sources of problems. Whilst tadpoles
and external leg bubbles (in dimension D > 6) are known to cancel [12], internal bubbles
have some issues which we would like to explain from different perspectives. Firstly, internal
1For another approach were 1+2 dimensions were instrumental, see [7]
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bubbles cause the integrand - however defined - to have double poles. Indeed, a diagram
such as in figure 1 gives a contribution to the integrand of the form 1/(S2I )
2. One may try to
get around this, by exploiting the fact that a shift in the loop variable allows to rewrite the
internal 2-point function as S2I /(` ·SI)2, but then a new double pole ` ·SI arises. It is difficult
to understand how an integrand with double poles may emerge from the canonical form of
a positive geometry, which is defined to have simple poles 2! Another reason why bubbles
are a problem is that we would like to interpret the propagators of a Feynman diagram as
coordinates over a positive geometry which should be n-dimensional (the dimension ofM1,n).
The Halohedron is the natural candidate, but then again we do not know how to treat bubbles,
that give only n−1 independent propagators. In this sense, external leg bubbles and tadpoles
are a problem as well, because momentum conservation force a propagator to be identically
0!
S2I S
2
I
Figure 1: The topology of bubble diagrams make so that double poles arise
In this paper we propose a very simple way to overcome all these problems. The key idea,
quite similar to the Big Kinematic Space proposed in [2], is to loosen the propagators from the
constraints coming from momentum conservation, which forces tadpoles and external bubbles
propagators to be zero, and internal bubble propagators to be equal. Therefore, we think of
the propagators as abstract variables XI and we cut an Halohedron in this space. Another
crucial step is noting that two vertices of the Halohedron lie on the same 1-dimensional edge
if the corresponding Feynman diagrams are related by a simple generalisation of the mutation
introduced in [2]. This basic observation has the consequence that the canonical form of the
Halohedron, once a reference diagram g∗ has been chosen, can be written as a sum over all
1-loop planar diagrams
Ω(Hn) = dµg∗
(∑
g
Val(g)
)
,
we simply have to kill the un-physical ones by sending the corresponding variables to infinity,
and then substitute XI → SI to get the 1-loop integrand! In this sense, we can finally state
that the Halohedron is the 1-loop Amplituhedron for planar φ3 theory.
As a consequence of this fact, we can find new recursion formulae for the 1-loop amplitudes
exploiting the standard machinery developed in [2, 3]. For example, for the 4-point 1-loop
2We would like to thank Nima Arkani-Hamed for making us aware of this fact
– 2 –
integrand3 we find the expression
I4 = − 1
`21`
2
2`
2
3`
2
4
+
(
(`21 + S12)(`
2
3 + S12)
S212`
2
2`
2
3`
2
4(`
2
3 − `21)
+ cyclical
)
, (1.1)
where `i is the momentum flowing through particles i and i + 1. The individual terms of
this expansion cannot be obtained recombining Feynman diagrams. In addition, they possess
spurious poles which cancel only in the cyclical sum, as it is usual the case when we triangulate
a positive geometry.
In the following sections we provide the details of our construction, as well as the explicit
computation reproducing (1.1).
2 The Abstract space Halohedron
We define an Halohedron in an abstract space Rn, whose generic point we write as X =
(X1, . . . , Xn). We do so by iterated truncations of a n-dimensional cube, as described in
[15]. More precisely, we give a set of linear functions such that the region where they are all
positive defines an Halohedron. These functions are in 1-1 correspondence with the facets of
the Halohedron, and thus with propagators of 1-loop planar diagrams 4.
Let us first work out the n = 4 case explicitly, and then state the general case. We begin
with the functions defining the hypercube, these are the variables Xi themselves and
X(i,i+1) := 
1
(i,i+1) −Xi with i = 1, . . . , 4 and 1(i,i+1) > 0.
Xi and X(i,i+1) define opposite facets of the hypercube, and they are associated with cut
diagonals and factorisation diagonals on the annulus. Then, we truncate the vertex of the
cube corresponding to the quadruple intersection
⋂
i=1,...,4X(i,i+1), introducing the function
X0 :=
4∑
i=1
X(i,i+1) − 40,
which is associated to the UV arc of the annulus. We continue the truncation introducing
X(i,i+1,i+2,i+3) :=
∑
j∈(i,i+1,i+2)
X(j,j+1) − 3(i,i+1,i+2,i+3),
which are functions associated to tadpole diagonals and
X(i,i+1,i+2) :=
∑
j∈(i,i+1)
X(j,j+1) − 2(i,i+1,i+2),
3This is the integrand associated to a single color order. The corresponding amplitude is
m1n(1, . . . , n|1, . . . , n) following the notation of [12]
4For further details on the correspondence between facets of the Halohedron, arcs on the annulus and
propagators of Feynman diagrams see [1]
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that correspond to external bubbles. It is easy to understand that for the general Halohedron
Hn, we would continue the truncation using functions
XI :=
∑
j∈I′
X(j,j+1) − |I
′|
I , (2.1)
where I is a subset of consecutive particles and I ′ is the same subset with the last particle
dropped. This function is associated to a diagonal separating the particles I from the others
and from the inner circle of the annulus. As long as the constants  are generic enough, the
region where all the Xs are positive is an Halohedron Hn.
Note that while the functions X are naturally associated to arcs on the annuli, and
thus to propagators of 1-loop planar diagrams, they do not satisfy the same relations. For
example, with n = 4, X(1,2) 6= X(3,4) and moreover tadpoles and external bubbles have
non-zero “propagators” X.
3 The Canonical form and the Integrand
We now study the canonical form of the Halohedron we introduced in the previous section.
In general, when working with a n-dimensional simple polytope P (i.e. one whose vertices
are adjacent to exactly n facets) the canonical form can be written as
Ω(P) =
∑
v∈P
sign(v)
∧
v∈F
dlog(F ),
where the ordering of the facets F and sign(v) must be chosen so that the form is projective
(invariant under F → α(F )F ). Another way to fix this sign is obtained as follows. Suppose
v and v′ are adjacent on the same 1-dimensional boundary E of the polytope. Then they are
given by the intersection of two sets of facets A and B which have all but two elements equal.
Let us call F and F ′ these two elements. Once the facets in the wedge product are ordered
so that F and F ′ are in the same position, we must have sign(v) = −sign(v′). This has to be,
because we can take iterate residues of Ω(P) until we are left with Ω(E) = dlog(F )±dlog(F ′),
and so we see that we need a “-” in order to avoid a double pole at infinity.
We can label the vertices of both the Associahedron and the Halohedron in terms of
Feynman diagrams. Then, two vertices happen to be adjacent to the same edge E if and only
if their Feynman diagrams are “mutated” as in figure 2. For the Halohedron, the mutation
rule is generalised so that it can change a IR tadpole into an UV one 5, see figure 3. Example
of mutations for 1-loop diagrams are shown in figure 4, note how bubbles turn into tadpoles,
and factorisation channels emerge from loop propagators. Therefore, we can immediately
5This can also be understood as a swap of the two fundamental cycles of the torus obtained doubling the
annulus. In the mathematical literature[? ], this is sometime called S-move and, together with the A-move,
which corresponds to the usual mutation, it plays an important role in the study of the Mapping Class Group
of Riemann surfaces.
– 4 –
Figure 2: The usual mutation swaps an s-channel for a t-channel in a subdiagram. The
move is represented also in terms of arcs on the annulus
Figure 3: The new mutation swaps IR and UV tadpoles. In terms of arcs on the annulus, it
swaps a cut diagonal with the UV diagonal
write the canonical form of our abstract Halohedron, up to an irrelevant global sign, as
Ω(Hn) =
∑
g
sign(g)
∧
P∈g
dlog(XP ), (3.1)
P runs over the propagators of a diagram g, and sign(g) is fixed by mutating every diagram
from a chosen reference one. Crucially, since our functions X are not constrained by the usual
momentum-conservation relations, every diagram contributes to Ω(Hn): IR/UV tadpoles,
internal and external bubbles as well. We would like to express all the forms dµg =
∧
P∈g dXP
– 5 –
Figure 4: A succession of mutations on planar loop diagrams
appearing in (3.1) in terms of a single one, so that we can extract from Ω(Hn) the rational
function which we will interpret as the amplitude.
In the Associahedron case, this was done by using physical propagators in lieu of X.
Because of momentum conservation, they have to satisfy the 7-term identity
SI1 + SI2 + SI3 + SI4 = SI1I2 + SI1I3 + SI1I4 .
Actually, this identity is equivalent to momentum conservation: if the propagators are thought
of as abstract variables, the 7-term identity is sufficient to restrict them to the physical sub-
space where all relations among propagators hold[2]. The 7-term identity, together with the
constraints ki,j = const for non adjacent indices (i, j), implies
dSI1I2 = −dSI1I4 + dSI1 + dSI2 + dSI3 + dSI4 .
Since for mutated diagrams, the “single particle” terms dSIi are shared, we are allowed to
exchange an s-channel for a t-channel in the measure of diagrams. We pick a relative sign
which is balanced by the mutation one, and thus we can express the canonical form of the
Associahedron as
Ω(An) = dµg∗
(∑
g
Val(g)
)
,
where g∗ is the reference graph chosen. Now is clear that the rational function Ω(An) is the
tree level amplitude.
We would like to repeat this story for the Halohedron, but if we imposed the 7-term
identity we would end up again with physical propagators, so that the contribution of internal
bubbles would disappear from (3.1). Actually, we do not need to impose any constraints on
the variables X. The functions X defined in (2.1) are such that
dX ∧ (. . . ) = −dX ′ ∧ (. . . ) (3.2)
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where X and X ′ denotes the distinct propagators of two mutated diagrams, whose shared
propagators we gathered in (...). We now prove this statement studying case by case the
various types of mutations.
Cut/Factorisation mutation. Consider two diagrams such as in figure. The corresponding
measures are
i + 1
i
i + 1
i
dXi ∧ (. . . ),
for the diagram on the left and
dX(i,i+1) ∧ (. . . ),
for the one on the right.
Again, (. . . ) denotes the shared variables. Since we have X(i,i+1) = i − Xi, (3.2) trivially
holds.
IR/UV mutation. The situation is slightly more complicate for a pair of IR and UV tadpoles.
The two diagrams give
i i+ 1 i i+ 1
dXi ∧ dX(i+1,i+2,...,i) ∧ . . .
dX0 ∧ dX(i+1,i+2,...,i) ∧ . . . ,
this time we highlighted one of the shared
propagators, which carries the variable
dX(i+1,i+2,...,i) = −d(Xi+1+dXi+2+· · ·+dXi−1).
Keeping in mind that we are under a wedge with this factor, we can write
dXi ∧ dX(i+1,i+2,...,i) = d(Xi + dXi+1 + · · ·+ dXi−1) ∧ dX(i+1,i+2,...,i) = −dX0 ∧ dX(i+1,i+2,...,i)
Tadpole/Bubble mutation. This mutation involves two diagrams as in figure.
i
j
i− 1
j + 1
i
j
i− 1
j + 1
Note that, despite its name, the mutation
swaps a cut propagator Xj with a tadpole
propagator X(i,...,i−1). This time we have to
focus on the two shared propagators at the
sides of the bubble, whose variables are
dX(j+1,...,i−1) = −d(Xj+1 + · · ·+Xi−2)
dX(i,...,j) = −d(Xi + · · ·+Xj−1),
we have
dX(i,...,i−1) = −d(Xi + · · ·+Xj−1 +Xj +Xj+1 + · · ·+Xi−1)
= −dXj ,
– 7 –
where in the last passage we used the fact that the overlined terms vanish under wedge with
the two shared propagators.
s-channel/u-channel mutation. Finally, we have a mutation involving tree structures of the
diagram. In the figure we drawn the loop part on the leg I1 but its actual position is irrelevant,
only that it is the same in both diagrams. All the four shared variables XIj have to be kept
in consideration, and in particular remember that dXI1 = −d(Xi + · · · + Xj−1) 6. For the
diagram on the left we have
i
l
k
j
I2
I3I4
i
l
k
j
I2
I3I4
· · · ∧ dXI1 ∧ dXI4 ∧ dXI2I3
= · · · ∧ dXI1 ∧ dXI4 ∧ d(XI2I3 +XI4 −Xk +Xk)
= · · · ∧ dXI1 ∧ dXI4 ∧ dXk,
we freely added a shared propagator and
recognised the overlined term as dXI1 .
Similarly, for the other diagram we get
· · · ∧ dXI3I4 = · · · ∧ dXl,
finally we note that
· · · ∧ d(Xk +Xl) = · · · ∧ d(Xk +Xl +XI2 +XI3 +XI4) = · · · ∧ d(XI1) = 0,
thus proving (3.2) also in this case.
By virtue of (3.2), we can again write the canonical form (3.1) using a single measure,
we choose dnX = ∧ni=1dXi. Doing so we obtain
Ω(Hn) = Ω(Hn)d
nX, (3.3)
where Ω(Hn) is given by the sum over 1-loop planar diagrams. In the sum are involved also
UV/IR tadpoles and diagrams with bubbles on external legs. Such unphysical contributions
appear with terms X0, Xi,...,i+n or Xi,...,i+n−1 in the denominator, which in turn are given
by expressions linear in the Xi and in the various I . Therefore, we can kill the external
bubbles and the tadpoles by taking the limit m →∞ for m = n, n− 1, n− 2. After that, if
we substitute XI → SI , SI being the physical propagator associated to XI , we are left with
the 1-loop integrand! More precisely, note that each variable XI carries an I term uniquely
associated to it. Therefore, we can first solve the I for all the XJ and, then, the substitution
XI → SI can be done unambiguously, even if we have an expression for Ω(Hn) where the
constants I and the variables Xi are not manifestly appearing in a combination from which
we can recognise a variable XI . This is particularly easy to see starting from the lowest terms:
(i,i+1) = Xi +X(i,i+1), (i,i+1,i+2) = Xi,i+1 +Xi+1,i+2 −Xi,i+1,i+2, and so on.
6We made a slight abuse of notation, as we should write X(I1)c rather than XI1
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Before ending this section, we would like to give another interpretation of the  → ∞
limit. In order to do so, it is convenient to switch to a projective language. We think of
the coordinates Xi of our abstract space as affine coordinates on Pn, i.e. we introduce the
projective vector
Y = (1, X1, . . . , Xn),
the advantage is that now both facets going through the origin and “affine” facets are written
as loci
Y ·WF = 0, (3.4)
for a suitable dual vector WF , which is again naturally projective. For example, for n = 4,
the UV facet has a dual vector given by
WUV = (
4 −
4∑
i=1
2(i,i+1), 1, 1, 1, 1),
and by taking the projective limit this becomes
WUV = (1, 0, 0, 0, 0),
looking back at (3.4) it is now clear that we need Y = (0, ∗, ∗, ∗, ∗), that is the facet has
moved to the hyperspace at infinity. The →∞ prescription has then a beautiful projective
meaning: it deforms the Halohedron so that its un-physical facets are at infinity and possibly
degenerate depending on the ratios of the  that are sent to infinity.
4 Recursion Formula for the 1-loop Integrand
We understood how to uniquely extract the integrand from the knowledge of Ω(Hn), but we
also know that the latter gives the dlog of the Halohedron. There are many ways to compute
the canonical form of a positive geometry, and in the case of the Halohedron they produce
new expressions for the 1-loop integrand.
In this section we provide an example of this, using a recursion formula for the canonical
form of a polytope that gives the dlog in terms of its facets rather than in terms of its vertices.
We just sketch this construction here, all the details can be found in full generality in [2]. The
idea is to triangulate the polytope using a reference point Z∗ in its interior. For each facet
F we take the convex hull of its vertices with Z∗ thus obtaining a collection of polytopes
PF that triangulate P. The dlog of PF can be obtained by a suitable deformation of the
canonical form of the facet F . In the Associahedron and Halohedron case, these canonical
forms can be interpreted as lower points amplitudes, therefore we obtain a geometry-inspired
recursion formula.
We will explicitly unwind this procedure for n = 4. We choose as reference point the
intersection of the cut facets X∗ = (0, 0, 0, 0). Therefore, all facets will contribute to the
– 9 –
recursion, except for the cut facets for which the convex hull with X∗ is 2 dimensional rather
than 3 dimensional. The recursion then reads
Ω(H4) =
∑
I ∈ (1, . . . , 4)
I 6= (i)
DXI Ωˆ(XI). (4.1)
DXI Ωˆ(XI) is a deformation of the canonical form of the facet corresponding to XI , which
we now describe how to obtain. We begin with the canonical form of the facet in question,
written using a single measure dµg∗ :
Ω(XI) = dµg∗
∑
v∈XI
Val(gv)
 . (4.2)
Then we deform it by replacing each basis variable appearing in (4.2) with
Xi → Xˆi = X
0
I
X
′
I
Xi,
where, here and in the following, XI = X
0
I + X
′
I is a decomposition of a variable XI into 
terms and Xi terms, respectively gathered in X
0 and X
′
. We obtain
Ωˆ(XI) =
(
− X
0
I
(X
′
I)
2
)3
(X
′
I)
2〈Xd3X〉
∑
v∈XI
V̂al(gv)
 , (4.3)
the powersXiI in the denominator come from the derivatives
dXˆ
dX , whilst those at the numerator
come from re-writing the new measure in terms of 〈Xd3X〉. We do this in order to apply the
replacement operator DXI
DXI : 〈Xd3X〉 →
X0I
XI
d4X, (4.4)
thus obtaining the contribution DXI Ωˆ(XI) appearing in (4.1).
We are interested in the limit 4,3,2 → ∞, which we take in this order. The effect is
that diagrams with the corresponding propagators - UV tadpoles, IR tadpoles and external
bubbles - are killed in the sum on the RHS of (4.3), unless the facet in question is the one
going to infinity. In that case we have to take into account the  coming from the (X0I )
3
factor in (4.3). The net effect is that we forget about the  dependence of the propagators,
and we sum over all those vertices for which we have not taken the limit yet. So, for example,
UV/IR tadpoles will not appear for an external bubble face, but external bubbles will.
We now show explicitly the computation for each facet, for the sake of notation we will
simply write i instead of 
2
(i,i+1).
– 10 –
UV facet. This facet is associated to
X0 =
4∑
i=1
i − 4 −
4∑
i=1
Xi,
therefore
X00 =
4∑
i=1
i − 4 X ′0 = −
4∑
i=1
Xi.
The canonical form is given by 7,
Ω(X0) = ±dµg∗
∑
v∈X0
Val(gv)
 , (4.5)
we choose for instance
dµg = dX1234 ∧ dX123 ∧ dX12 = dX1 ∧ dX2 ∧ dX3,
which is deformed to
dµg∗ → dXˆ1 ∧ dXˆ2 ∧ dXˆ3 =
(
X00
(X1 +X2 +X3 +X4)2
)3
(X1 +X2 +X3 +X4)
2〈Xd3X〉.
(4.6)
The rational part Ω(X0) is given by a sum over all 20 UV-tadpole diagrams. If we group
those associated with the same tadpole propagator, say X(i,i+1,i+2,i+4), we obtain
1
X(i,i+1,i+2,i+4)
(
1
X(i,i+1)X(i+2,i+3)
+
1
X(i+1,i+2)X(i+1,i+2,i+3)
+
1
X(i,i+1)X(i,i+1,i+2)
+
1
X(i+1,i+2,i+3)X(i+2,i+3)
+
1
X(i,i+1,i+2)X(i+1,i+2)
)
. (4.7)
The deformation replaces each propagator XI = X
0
I + X
′
I → X0I + X
0
0
X
′
0
XiI . Therefore, when
we take the limit, each of the propagators is effectively replaced by XI → X ′I and we gain a
factor
(
X
′
0
X00
)3
. Now the terms in the bracket of (4.7) sum up to
Xi +Xi+1 +Xi+2
XiXi+1Xi+2
,
the numerator cancels with the denominator outside the bracket, so each tadpole contributes
with
1
XiXi+1Xi+2
,
7It is quite tedious to keep track of the various signs, which are related to the relative orientation of the
facets, we will simply ignore them here
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and together they sum up to
X1 +X2 +X3 +X4
X1X2X3X4
, (4.8)
plugging (4.8) and (4.6) back in (4.5), and then performing the replacement trick (4.4), we
finally get the contribution of the UV facet to the recursion
DX0Ωˆ(X0) = ±
dX1 ∧ dX2 ∧ dX3 ∧ dX4
X1X2X3X4
. (4.9)
Tadpole facet. Now we move to a tadpole facet, for instance the one given by X(1,2,3,4) = 0,
the remaining ones are obtained through a cyclic shift. As reference measure we choose
dµg∗ = dX12 ∧ dX34 ∧ dX4 = dX1 ∧ dX3 ∧ dX4 −̂→
(X0(1,2,3,4))
3
(X1 +X2 +X3)4
〈Xd2X〉,
The rational part Ω(X0) is given by a sum over 10 IR and UV tadpole diagrams. But the
UV are killed by the limit 4 → ∞ which we take before the 3 → ∞. Therefore we are left
with 5 IR diagrams, whose contribution is almost identical to (4.7) but for the prefactor:
1
X4
(
1
X(1,2)X(3,4)
+
1
X(2,3)X(2,3,4)
+
1
X(1,2)X(1,2,3)
+
1
X(2,3,4)X(3,4)
+
1
X(1,2,3)X(2,3)
)
, (4.10)
after the deformation, and in the limit 3 →∞, these 5 terms directly sum up to
X1 +X2 +X3
X1X2X3X4
,
plugging all together and performing the replacement trick we get the final contribution
DX1,2,3,4Ωˆ(X(1,2,3,4)) = ±
dX1 ∧ dX2 ∧ dX3 ∧ dX4
X1X2X3X4
. (4.11)
Bubble facet. Again we consider a specific case, for instance X(1,2,3) = 0. Recall that this
facet factorises in H2 ×K3, K3 being a 4-point associahedron 8. Accordingly, we can write
its rational function as
Ω(X(1,2,3)) =
(
1
X(1,2)
+
1
X(2,3)
)
×
(
1
X3X4
+ . . .
)
,
where in . . . are terms that will vanish due to the limits 4, 3 → ∞. After the deformation
we get
Ω(X(1,2,3))→
(
X
′
(1,2,3)
X0(1,2,3)
)3(
1
X1
+
1
X2
)
×
(
1
X3X4
+ . . .
)
=
(
X
′
(1,2,3)
X0(1,2,3)
)3
X1 +X2
X1X2X3X4
.
8To denote associahedra, here we used the notation of [15] which is related to the one of [2] by Kn−1 = An
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As reference measure, we can choose
dµg∗ = dX(1,2) ∧ dX3 ∧ dX4 = dX1dX3dX4 −̂→
(X0(1,2,3))
3
(X
′
(1,2,3))
4
〈Xd3X〉,
and again putting everything together we get the final result
DX1,2,3Ωˆ(X(1,2,3)) = ±
dX1 ∧ dX2 ∧ dX3 ∧ dX4
X1X2X3X4
. (4.12)
Factorisation Facet. Finally we move to the facet X(1,2) = 0. There are only two diagrams
surviving all the limits9 and the rational function is given by
Ω(X(1,2)) =
(
1
X2X3X4
+
1
X2X4X(3,4)
)
→
(
X31
31
)(
1
X2X3X4
+
1
X2X4(3X1 − 1X3)
)
,
which, together with the factors coming from the reference measure and the replacement
trick, gives
DX1,2Ωˆ(X(1,2)) =
1dX1 ∧ dX2 ∧ dX3 ∧ dX4
X1X2X4(1 −X1)
(
1
X3
+
1
X13 − 1X3
)
. (4.13)
Note that the denominator X13 − 1X3 represents a spurious pole, but it cancels with a
similar contribution coming from the facet X(3,4) = 0.
Putting the contributions from the various facets together, and paying attentions to the
signs involved, we find that each tadpole contribution cancels with a corresponding bubble.
We are left with the UV contribution and the factorisation contributions. To perform the
substitution XI → SI in (4.13) we first have to rewrite the constants i in terms of the
variables X and then substitute the corresponding propagators:
i = X(i,i+1) +Xi → s12 + `2i ,
`µi being the momentum flowing between particles i and i+ 1, e.g. `
µ
1 = `
µ, `µ2 = `
µ + kµ2 and
so on. After this is done, (4.13) becomes exactly the term we wrote in the cyclical sum of
(1.1). The other cyclically shifted terms come from the remaining factorisation facets, whilst
the UV facet is responsible for the box diagram term together with its minus sign.
If we sum up the terms 1 and 3 and the terms 2 and 4 of the cyclical sum, we get the
following expression for the 4-point integrand
I4 = 1
`21`
2
2`
2
3`
2
4
(
(s12 + `
2
1)(s12 + `
2
3)
s212
+
(s23 + `
2
2)(s23 + `
2
4)
s223
− 1
)
, (4.14)
from which is easier to see that our expression is equivalent to the sum over Feynman diagrams.
Note that (4.14) has double poles s12 = 0 and s23 = 0 coming from the internal bubbles. If
we expand around s12 = 0 we get
1
s212
1
`22`
2
4
+
1
s12
(
1
`21`
2
2`
2
4
+
1
`22`
2
3`
2
4
)
+ . . .
and from the coefficients of the expansion we read the internal bubble contribution and the
two contributions to the residue s12 = s34 = 0.
9We caution the reader that we are not taking the 1 →∞ limit
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5 Conclusions and Outlook
In this paper we have shown that it is possible to extract the 1-loop amplitude from the
canonical form of an “Abstract” Halohedron, thus proving the conjecture we made in our
previous work: The Halohedron is the 1-loop Amplituhedron. The fact that an integrand with
double poles can be obtained from the canonical form of a positive geometry is a remarkable
proof of principle10, and gives new strength to the idea that some deep physical concept,
lurking in the shadows of the Lagrangian formalism of Quantum Field Theories, is captured
by positive geometries.
There are many directions for future investigations. The most natural one is to move
at higher loop level, considering the moduli spaces of the Poincare’ disk with several circles
evicted, using the notation of [15], this is M(0,`+1)(0,n). However, as proven there, it fails to
be a polytope. The reason is the presence of a geodesical arc whose contraction lowers the
dimension by two. Nevertheless, this arc is equivalent to the UV arc of the Halohedron, and
it is not associated to a physical singularity of the integrand. Therefore, it is likely possible
to hide this problem “at infinity”, following the same spirit we did here for the UV facet.
A somewhat simpler generalisation of our work would be to find an expression for inte-
grands with two different orderings. In light of the lessons from the tree level story [2, 5, 6, 13],
it is quite natural to expect them to be found from intersection of Halohedra sitting in the full
moduli spaceM1,n, or by pull back of a single 1-loop planar scattering form to the intersection
of two n-dimensional abstract spaces.
A third interesting avenue would be to study other triangulations of the Halohedron and
the associated recursion formulae for the integrand. For example, it would be interesting to
try to reproduce the ring diagram equality - which underpins the forward limit formula of
[12] - using as reference point for the triangulation X∗ = (1, . . . , n), so that the cut facets
do count in the recursion formula. It would be also nice to understand if it is possible to give
an interpretation of partial fractions identities, which can be obtained by residue theorems
[14], using the geometry of the Halohedron.
Finally, we mentioned that the  → ∞ limit has a natural projective meaning: it is
actually sending the corresponding facets to hyperplanes at infinity. Therefore, it is tempting
to define a “limit” positive geometry whose canonical form directly gives the integrand. It
would be fascinating to understand if this is possible, and probably would give a more beautiful
and geometrical understanding on the way tadpoles and bubbles cancel each other.
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